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Recall: I f w e h a v e n points i n
1122

w i t h n o repeated X v a l u e s ,

t h e n there i s a polynomial

o f degree n - 1 t h a t passes

t h r o u g h a l l n points, called

a n interpolat ing polynomial.

W h a t i f w e w a n t a polynomial

o f l owe r degree t h a t only gets

"close" t o t h e s e points, like

a line?



Example : (best - f i t l i n e , 3 points)

Given t h e points ( 1 ,3 ) , (2,-l),

a n d (6 ,5) , t r y t o f i n d a

l i n e t h r o u g h these t h r e e points.

s lope between t h e f i r s t t w o points:

3,1¥ = - 4

Slope be tween t h e second t w o points:

"Jg = f- t - y

s o n o s u c h l i n e ex is ts !



Pretend t h e r e w a s s u c h a l i n e y=mxtb

w i t h

3 = m t b

- I = 2 m t b

5 = 6 m t b

Rewr i te a s a m a t r i x - v e c t o r equa t i on :

[11=1!:X:3
r n
i s t h i s invertible?

A = [ / §] i s n o t a square matrix,

s o n o t inver t ible.



I I . IT!:X:3
Mult ip ly b o t h s i d e s b y

A t = [ I I f ] o n the l e f t :

c : : :#fa i l
[ l

l l

l
261ft tiff; I)

I 6

2×3,6%15



w e g e t t h e n e w equat ion

[3,7] = [3
9

9 a,] ['m]
r n

i s t h i s invertible?

detl [ { 49,]) = 123-81=42 t o

s o [§ 49,] i s invertible.

M u l t i p l y b o t h s i d e s b y t h e inverse

* I i i )



formally, t h i s i s

(AtA5' [I]=ht¥AAT[I]
identity ma t r i x

[bm]=fAtA5' [ I ]
['m] ='T, [4-93] [ I ]

[ I T at [¥]
s o w e get

5=1%7.



Does t h i s l i ne pass t h ro u gh a n y o f

o u r o r i g i n a l points?

N O .

W h a t i t d o e s d o i s m i n im i ze t h e

a v e r a g e d i s t a n c e f rom t h e l i n e t o

t h e points.



Procedure: To ge t t h e " b e s t - f i t "

polynomial t o a co l l e c t i o n

o f points ( x , ,y, ) , 1×2,92),...

( x , ,y n ) i n
1122, s t a r t w i t h

a polynomial o f degree less

t h a n o r equal t o n - l
,

c a l l i t

p i x ) - Eci Xi
i = o

w h e r e m i s t h e degree and

co,Cl , Ca, . .-cm a r e r e a l

n u m b e r s .



Steel plug y o u r points i n :

m

y , = p a n t . { c i x i i
E - o
o n

Y , = para) = [Cixa
[ t o

÷
'

m

y , = pain)={cixn .

[ t o

s tep Make a matr ix-vector

equa t i on



I:).-Ali:L:

where A i s t h e m a t r i x

I × , xp .
- xp

I X 2 XI i
- X I

: : i i[, i

' X n x p . -

xp
)

A i s n x (anti)

N o t invert ible unless men-l!



¥ 3 Mu l t i p l y b o t h s i d e s b y

A- t to g e t

Atf?!)-Catalf!!)

step4 I f ATA i s invertible,

mul t ip ly bo th s i des o f t h e

equality b y (Att)-' :

(AtA5'Atf}:):[!!]



Step 5 : w r i te d ow n y o u r polynomial.
-

Wolfram A l p h a

Chech us ing " b e s t f i t l i ne (points)"

o r " b e s t f i t quadratic (points)
"

e t c . , depending o n t he degree of

your polynomial.



Exampled: (more points) find the bes t -

f i t l i ne through t h e points

(1,5), C-2,7) , (9,6),

and ( 0 , 4 ) .

So l u t i o n : w r i t e t h e l i n e a s y=pcy=mxtb.

step l ' . P lug i n points.

5 = p ( l ) = m t b

7- = pl-2) = - 2 m t b

6 = pca) = 9 m t b

4 = plot = b



Step 2 ! M a t r i x - v e c t o r e q u a t i o n

1 I

(E) f ! ; ) I : ]
÷

Step 3 : mu l t i p l y b o t h s i d e s by At

At : [
'

,

'→ '
g 'o]

a t [E f f i : ]



I l l l 1

A t A = [, - s a
o]['l, t})

= [ "s 886
]

Vinfrtible!

W e g e t

[ I f ] = [4g 886
]
(k]



Step 4 : mult iply bo th s i des by (ATA)"

(Att)-' [ I f ] = (bn]

[ "8
886
]" ( I I ) : [ } ]

[ 1 ) = # [3,83]

step 5 : T h e best f i t l i ne i s

y=÷#÷U



Exampies: (bes t- f i t quadratic) find the

b e s t - f i t quadratic t h r o u g h the

points ( 1 ,51, l -2 ,7) ,
1916),

a n d (0,4) .

Solut ion'. Wr i t e o u r polynomial a s

y = p i x ) - a x ' t b x t c .

step 1 : P l ug i n t h e points

5 = p ( D = a t b t c

7- = pl-2) = Ha-2btC

6 = p 191=81 a
t a b l e

4 = pco) = c



Step2 ! M a t r i x - v e c t o r e q u a t i o n

t .t l : : :" '
I

step 3 : m u l t i p l y b o t h s i d e s by A t .

I l I I

At:[I - 2 9
O]

1 4 81 0

Atf}):[II:]



Ata-fi: 'a'off!!:)
I U 81 O

ATA =[
4

8 8 6

8 8 6
72
2)

8 6 7 2 2
6578

i i i .
Step 4 : mu l t i p l y both s i des by A-TAI!

HAI' CE:].-[!]



W e g e t

4 6 8 8 4[§]=q¥o[-6857
] 890

Step 51, T h e polynomial i s

t.F.x.EE#taa:.IoI



Q : wha t ' s g o i n g o n here?


